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TABLES OF C H A R A C T E R I S T I C  EXPONENTS OF M A T H I E U  E Q U A T I O N S  

T .  D .  Kuznetsova and Yu. N.  Smirnov 

ABSTRACT. Tables  o f  t h e  c h a r a c t e r i s t i c  exponents of Mathieu 
equat ions  a r e  presented. Values of the c h a r a c t e r i s t i c  ex- 
ponent f o r  the Mathieu equat ion  s p e c i f i e d  were c a l c u l a t e d  i n  
the i n t e r v a l  0 G a G 15.9 and 0.1 f q G 19.8 w i t h  s teps of 
0.1 f o r  a and q .  T h e  a r ea  of a p p l i c a t i o n  of Mathieu equat ions  
has expanded r ecen t ly  t o  inc lude  t h e  problems o f  t h e  s t a b i l i t y  
of charged p a r t i c l e s  i n  magnetic f i e l d s ,  t h e  s t a b i l i z a t i o n  
of a r t i f i c i a l  s a t e l l i t e s  i n  the magnetic f i e l d  of the e a r t h .  

In t roduct ion  

Exact ly  100 yea r s  ago, i n v e s t i g a t i n g  o s c i l l a t i o n s  of an e l l i p t i c a l  mem- L_ /III* 
brane ,  E .  Mathieu produced t h e  equat ion  

- d 2 u  + ( a  - 2qcas2g)u = 0, 
d g2 
d 2u 
d E2 
- - ( u -  2 q c h  2 c ) 1 1 = 0 ,  

~- _ _  

which now c a r r y  h i s  name1. S ince  t h a t  t ime,  t h e  a r e a  of  a p p l i c a t i o n  of  t h e  

Mathieu equat ions  has  expanded t o  t h e  e x t e n t  t h a t  an independent s e c t i o n  of 

app l i ed  mathematics has  a r i s e n .  I n  p a r t i c u l a r ,  t h e  s o l u t i o n  of  t h e  problem of  

t h e  propagat ion  of e lec t romagnet ic  waves w i t h i n  a hollow c y l i n d e r  o f  e l l i p t i c a l  

c ros s - sec t ion ,  t h e  theory  o f  f requency of modulation and t h e  theo ry  of loud 

speakers ,  as we l l  as t h e  problem o f  t h e  o s c i l l a t i o n s  o f  water i n  an e l l i p t i c a l  

b a s i n ,  t h e  s tudy  o f  t h e  s t a b i l i t y  of va r ious  mechanical systems, an  e n t i r e  

c l a s s  of d i f f u s i o n  and d i f f r a c t i o n  problems have a l l  been reduced t o  a n a l y s i s  

' 

*Nqnbers i n  t h e  margin i n d i c a t e  pag ina t ion  i n  t h e  f o r e i g n  t e x t .  
IEyuation (2)  i s  c a l l e d  t h e  modif ied Mathieu equat ion  i n  t h e  l i t e r a t u r e .  
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of equat ions  (1) and (2) [ l ,  2 1 .  As an  example of new a p p l i c a t i o n s  of Mathieu 

equat ion  ( l ) ,  we can no te  t h e  problem of t h e  s t a b i l i t y  o f  movement of  charged 

p a r t i c l e s  i n  modulated magnetic f i e l d s  [3-5, 141 ,  t h e  problem of s t a b i l i z a t i o n  
of a r t i f i c i a l  sa te l l i t es  i n  t h e  magnetic f i e l d  of  t h e  e a r t h  [6] ,  t h e  problem o f  

t h e  forced  o s c i l l a t i o n s  of  f l u i d s  i n  v e s s e l s  o f  f i n i t e  dimensions moving w i t h  

p e r i o d i c  a c c e l e r a t i o n  i n  a f i e l d  of  g r a v i t y  [7] ,  e tc .  

I n  t h e  i n v e s t i g a t i o n  of Mathieu equat ions ,  an  important  r o l e  has  been 

played by methods based on t h e  i d e a  of t h e  small parameter .  

has  been r e l a t e d  t o  t h e  a p p l i c a t i o n  of e l e c t r o n i c  computers, a l lowing  t h e  com- 

p o s i t i o n  o f  d e t a i l e d  t a b l e s  o f - v a r i o u s  va lues  r e l a t e d  t o  equat ions  (1) and ( 2 )  

( f o r  example, s e e  t h e  fundamental Tables [8,  91; t h e r e  a l s o  t h e  b i b l i o g r a p h y ) .  

We no te ,  however, t h a t  on ly  t h e  pu re ly  p e r i o d i c  s o l u t i o n s  of Mathieu equat ion  

(1) have been t a b u l a t e d  with h igh  accuracy over  a broad range of  change o f  t h e  
parameters .  The numerical  t a b l e s  f o r  a p e r i o d i c  s o l u t i o n  remain q u i t e  s p a r s e ,  

i n  s p i t e  o f  t h e i r  g r e a t  app l i ed  s i g n i f i c a n c e .  

Important p rogres s  

This  i s  p a r t i c u l a r l y  t r u e  o f  

, t a b l e s  of  va lues  of  t h e  c h a r a c t e r i s t i c  of Mathieu equat ion  (1) - a q u a n t i t y  

which de f ines  the main s p e c i f i c s  of t h e  s o l u t i o n  of equat ion  (1): 

d i c i t y  and s t a b i l i t y .  A work of  H. Gray e t .  a l .  [ l o ]  p re sen t s  va lues  of  the 

c h a r a c t e r i s t i c  exponent f o r  only 100 p o i n t s  on t h e  p l a n e  (a, q) (a and q are 

t h e  parameters  o f  equat ion  ( 1 ) ) .  For approximately 800 p o i n t s  on t h e  p l a n e  

(a,  q )  ( a l l  p o i n t s  i n  t h e  zones of  s t a b i l i t y ) ,  va lues  of t h e  c h a r a c t e r i s t i c  

exponent a r e  presented  i n  t h e  work of T.  Tamir  [ l l] .  

i t s  p e r i o -  

We have c a l c u l a t e d  the va lues  o f  the c h a r a c t e r i s t i c  exponent f o r  Mathieu / I V  
I 

equat ion  (1) i n  t h e  i n t e r v a l  0 - -  < a c 15.9 and 0 . 1  - -  < q < 19.8  wi th  s t e p s  of  0 . 1  

f o r  a and q .  

The c h a r a c t e r i s t i c  exponent means t h e  exponent i n  t h e  gene ra l  s o l u t i o n  of 

t h e  mathieu equat ion  (11, w r i t t e n  i n  the Floquet form (p # 0)  

where A 

of 6 with pe r iod  n .  

and A 1 2 are a r b i t r a r y  cons tan ts ;  f , (< )  and f,(<) are  p e r i o d i c  f u n c t i o n s  

The va lues  of  u f o r  each p a i r  o f  a and q were c a l c u l a t e d  
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- - 

and t h e  q u a d r a t i c  equa t ion  

(4) 
L -I 

where p E eVT [ 1 2 ] .  The va lues  of p were produced wi th  an accuracy of  0.0001. 

In  correspondence wi th  our  d e f i n i t i o n  of  u ,  the c h a r a c t e r i s t i c  exponent 

i s  a pu re ly  imaginary q u a n t i t y  i n  t h e  zones of s t a b i l i t y  o f  t h e  s o l u t i o n  of  

equat ion  (1) and a rea l  q u a n t i t y  i n  t h e  zones o f  i n s t a b i l i t y .  The imaginary 

va lues  o f  p a r e  noted  i n  t h e  Tables by t h e  " - I 1  symbol a f t e r  each number. 

Based on the r e s u l t s  produced, w e  cons t ruc t ed  l i n e s  o f  equal  va lues  of  p 

f o r  t h e  f i rs t  three zones of u n s t a b l e  s o l u t i o n s  o f  the Mathieu equat ion  (1) 

( see  a l s o  [13]) and determine t h a t  for q / a  > 0.6,  w i t h  i n c r e a s i n g  number of t h e  

zone of i n s t a b i l i t y  wi th  the same va lue  of  q /a ,  the maximum value  of  the char-  

a c t e r i s t i c  exponent 1-1 

exponent 1-1 f o r  zone n + 1. Were q / a  << 1, as  w e  know, the r e v e r s e  s i t u a -  

t i o n  o b t a i n s .  I t  i s  cu r ious  t h a t  t h e  va lues  of p f o r  va r ious  zones of  n 

(where q / a  = cons t )  l i e  i n  a p l ane  (p n)  p r a c t i c a l l y  on s t r a i g h t  l i n e s  [13] 

(Figure 2 ) .  For c l a r i t y ,  we p r e s e n t  below t h e  Table  of va lues  of p 

Tour zones of i n s t a b i l i t y  . 

f o r  zone n i s  less than  the m a x i m u m  c h a r a c t e r i s t i c  max 

max 

max 

max' 
f o r  the max 

da 

'1; 

013 
0,45 
046 
0,75 
0,875 
110 
1,125 
1,375 
1J6 
210 

3,33 
610 

12,o 

2J4. 

I --- - 
Zones o f  I ns tab  i T i t y  

-, 

a 
km a x  

1,06 
1,13 
1,22 
1,31 
1,38 
1,13 
1,45 
1,46 
1,43 
1,34 
1,24 
1,05 
0,70 
0,39 

PLm a x  

0,151 
0,228 
0,305 
0,381 
0,442 
0,498 
0,549 
0,638 
0,704 
0,795 
0,863 
0,969 
1,109 
1,208 

a 
prn a x  

4,27 
4,66 
5,18 
5,59 
5,75 
5,79 
5,74 . 

5,53 
5,28 
4,82 
4,40 
3,62 

1,30 
2834 

-- 
PLm a x  

0,093 
0,215 
0,318 
0,557 
0,694 
0,814 
0,920 
1,095 
1,220 
1,390 
1,515 
1,709 
1,963 
2,141 

a 
prn a x  

9,55 
10,52 
11,92 
12,76 
12,95 
12,88 
12,68 
12,08 
11,47 
10,40 
9,44 
7,70 
4,96 
2,72 

Prn ax 

0,055 
0,196 
0,452 
0,735 
0,944 
1,124 
1,281 
1,538 
1,721 
1,970 
2,153 
2,435 
2,803 
3,06 1 

-- 
a 

16,91 
18,67 
21,44 
22,76 
22,93 
22,71 
22,27 
21,12 
19,!39 
18,06 
16,36 
13,30 
8,53 
4,68 

Pma x c*m a x  

0,032 
0,177 
0,525 
0,912 
1,191 
1,431 
1,639 
1,978 
2,219 
2,546 
2,787 
3,157 
3,610 
3,978 
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Knowledge of  t h e  c h a r a c t e r i s t i c  exponent is  o f  p a r t i c u l a r  va lue  f o r  physi-  

tal exper imenta t ion  when t h e  phenomena s t u d i e d  are descr ibed  wi th  vary ing  - /VI 
accuracy wi th  Mathieu equat ion  ( 1 ) .  Actua l ly ,  i f  we know t h e  va lue  of p f o r  a 

g iven  a and q and t h e  na tu re  o f  t h e  change i n  the phys ica l  func t ion  u ( c )  f i x e d  

i n  t h e  f i r s t  two p e r i o d s ,  we can immediately c a l c u l a t e  t h e  va lue  o f  u ( ~ 1  f o r  

E >  ~ T T  us ing  t h e  r e l a t i o n s h i p  

where 0 L < e o  
where 1.1 E i B  and 0 < B < 1, r e l a t i o n s h i p  (5) t a k e s  on t h e  s i m p l e r  form 

TT and n = 2,  3 ,  . .. . I n  t h i s  case ,  i n  zones of .  s t a b i l i t y  

. . .  

I .  1 I 1 - 1  I 1 - 
1 2 . 3  4 5 6 7 8 tl 

Figu.re 2.  Dependence O f  pmax On Number O f  Zone O f  I ns tab i  1 i t y  n(h q/a) . 
5 



Thus, by comparing t h e  va lues  o f  P ( E )  measured exper imenta l ly  and calcu-  

l a t e d  us ing  (5) or (6) ,  we can determine t o  what va lue  of  5 t h e  phys ica l  

phenomena i s  desc r ibed  wi th  s u f f i c i e n t  accuracy by Mathieu equat ion  (1) and 

how t h e  non l inea r  process  o f  t r a n s i t i o n  t o  s t a b l e  ampli tude occurs  i n  t h e  a c t -  

u a l  phys i ca l  s i t u a t i o n  [ 1 2 ] .  

H i l l  equa t ion  

If t h e  phys ica l  phenomena i s  desc r ibed  by t h e  

de2 + a - 2 4 v ( < ) l U  = J 

where $(E)  i s  a p e r i o d i c  f u n c t i o n  with pe r iod  T, r e l a t i o n s h i p s  (4) - (6) r e -  / V I 1  

main i n  f o r c e  i n  t h i s  case, i f  T i s  rep laced  everywhere by t h e  va lue  of  T .  

Na tu ra l ly ,  t h e  c h a r a c t e r i s t i c  exponent 1-1 should be  c a l c u l a t e d  then  f o r  the 

H i l l  equa t ion .  

I n t e r p o l a t i o n .  I n  o rde r  t o  f i n d  1-1 f o r  i n t e rmed ia t e  va lues  of parameters  

a and q, n o t  found i n  the Tables ,  t h e  fol lowing must b e  kep t  i n  mind. 

e n t i r e  a r e a  o f  change of  t h e  parameters  a and q used i n  t h e  Table i s  d iv ided  

i n t o  a r e a s  (Figures  3 and 4 ) ,  i n  which i n t e r p o l a t i o n  i s  performed us ing  t h e  

Lagrange formulas wi th  two, t h r e e  o r  f o u r  p o i n t s  r e s p e c t i v e l y .  

t h e  a r e a s  of a p p l i c a t i o n  of  the Lagrange formulas f o r  i n t e r p o l a t i o n  of a, wh i l e  

F igure  4 shows t h e  a reas  of  a p p l i c a t i o n  f o r  i n t e r p o l a t i o n  of  q. 

i s  used t o  mark s e c t o r s  with i n t e r p o l a t i o n  us ing  two p o i n t s ,  

The 

F igure  3 shows 

The number I 

t h e  number I1 - 
i n t e r p o l a t i o n  us ing  t h r e e  p o i n t s ,  t h e  number I11 - i n t e r p o l a t i o n  us ing  f o u r  

p o i n t s .  The number I V  marks t h e  s e c t o r s  where i n t e r p o l a t i o n  where i s  d i f f i c u l t  

due t o  complex behavior  of t h e  characterist ic exponent p [see F igure  1) .  

As an  example, l e t  us perform i n t e r p o l a t i o n  of  a f o r  a p o i n t  w i th  t h e  
' vaiues  a = 10.44 and q = 3 .0 .  We f i n d  from Figure  3 t h a t  th is  p o i n t  fal ls  i n  

area 111, where i n t e r p o l a t i o n  i s  performed using f o u r  p o i n t s .  

I n  th i s  case t h e  Lagrange formula i s  

:c Ca) - :- (aoA 1 1 1 1  = A - Jl) :. fa-  ,;-.'iU[t):*, t ) , ,  i a  ,) A,( t),- (a,)  R a  '. 

= a. - h; a Here a = 10.4;  a-l 

term; h i s  t h e  s t e p  of t h e  Table ,  0 .1 ;  t a - a /h and A . ( t )  are t h e  Lagrange 

c o e f f i c i e n t s ,  t h e  va lues  of which a r e  presented  h e r e  i n  [15, 161. For our  

= a + h; a = a. + 2h; R - it i s  t h e  r e s i d u a l  1 0 2 0 

0 1 

/ V I 1 1  

6 



We no te  t h a t  t h e  e r r o r  of  i n t e r p o l a t i o n  i n  any o f  t he  a reas  f., I1 o r  I11 

w i l l  no t  exceed two u n i t s  i n  t h e  l a s t  s i g n i f i c a n t  d i g i t  of t h e  t a b u l a r  va lues ,  

that i s  0.0002. 

We would l i k e  t o  express  our deep g r a t i t u d e  t o  D .  A. Frank-Kamenetskiy f o r  

his. e f f e c t i v e  suppor t  i n  performing our work, t o  p a r t i c i p a n t s  of  t h e  Seminar 

V. A .  Di tk in  f o r  va luab le  d i scuss ion ,  as we l l  as t o  L .  S .  Bark, K .  A.  Karpov, 

I. A. Orlova, I. G .  Pasynkov and T. M.. S t a r ikova  f o r  t h e i r  g r e a t  a i d  i n  var ious  

s t a g e s  o f  t h e  performance of t h e  work and p repa ra t ion  f o r  p r i n t .  
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F igu re  4. Interpolation O f  q. 
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7 
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a 
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8 
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0000 
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